CHAPTER 3

Heaps

3.1. Heaps and heap-ordered trees. Our use of lrees as data struclures in
Chapter 2 was especially simple, since we needed only parent peinters to represent
the trees, and the position of items within each tree was completely unspecified,
depending only on the sequence of set operations. However, in many uses of trees,
the items in the tree nodes have associated real-valued keys, and the position of
items within the tree depends on key order. In this and the next chapter we shall
study the two major examples of this phenomencon.

A heap is an abstract data structure consisting of a collection of items, each with
an associated real-valued key. Two operations are possible on a heap:

insert (i, h): Insertitem [ into heap h, not previously containing f.
deletemin (#): Delete and return an item of minimum key from heap #; if A is
empty return aull.

The following operation creates a new heap:

makeheap (5): Construct and return a new heap whose items are the elements in
set 5.

In addition to these three heap operations, we sometimes atlow several others;

findmin (#): Return but do not delete an item of minimum key from heap #f; if /& is
empty return null.

delete (7, A): Delete item § from heap 4.

meld (&, #): Return the heap formed by combining disjoint heaps A, and A,.
This operation destroys /i, and A..

Williams [10], the criginator of the ierm “heap,” meant by it the specific
concrete data structure that we call a d-heap in §2. Knuth [8] used the term
“priority queue” to denote a heap. Aho, Hoperoft and Uliman [1] used “priority
queue” for an unmeldable heap and “mergeable heap” for a meldable heap.

To implement a heap we can use a heap-ordered tree. (See Fig. 3.1.} Each tree
node contains one item, with the items arranged in heap order: if x and p{x) are a
node and its parent, respectively, then the key of the item in p{x) is no greater than
the key of the item in x. Thus the root of the tree contains an item of minimum key,
and we can carry out findmin in O(1) time by accessing the root. The time bounds of
the other operations depend on the tree structure.

We shall study two heap implementations that use this idea. The d-hAeaps
described in §3.2 are appropriate when only one or a few unmeldable heaps are
needed. The leftist heaps of §3.3 are appropriate when several meldable heaps are
needed.
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FiG. 3.1. 4 heap-ordered iree. Numbers in nodes are keys. (To simplify this and subsequent figures.
we treat the keys as if they themselves arc the items.}

3.2. d-heaps. Suppose the trce representing a heap is exogenous; that is, the
heap items and the tree nodes are distinct. This allows us to restore heap order after
an updaie by moving the items among the nodes. In particular, we can insert a new
itemn 7 as follows. To make room for /, we add a new vacant node x to the irec; the
parent of x can be arbitrary, but x must have no children. Storing i in x will violate
heap order if the parent p(x) of x contains an item whose key excecds that of i, but
we can remedy this by carrying out a sifi-up: While plx) is defined and contains an
item whose key exceeds key(i), we store in x the item previously in p(x), replace the

FiG 3.2. Insertion of key 6 using sifi-up. (a) Creation of a new leaf. Since 6 < 99, 99 moves into the
new node. {b) Since 6 < 11, 11 moves into the vacant node. {c) Since 6 = 7,7 moves into the vacant
node. (d) Since 6 = 2, 6 moves into the vacant node and the sifi-up stops.
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vacant node x by p(x), and repeat, When the sifting stops, we store 7 in x. (See Fig.
3.2

Deletion is a iittle more complicated than inscrtion. To delete an item {, we begin
by finding a node v with no children. We remove the item, say j, from p and delete y
from the tree. If i = j we are done. Otherwise we remove i from the node, say x,
containing it, and attempt to replace it by j. If key () = key (i), we reinscrt j by
carrying out a sift-up starting from x. If key () = key (), we reinsert j by carrying
out a sifi-down starting from x: While key {j} exceeds the key of some child of x, we
choose a child ¢ of x containing an item of minimum key, store in x the item in ¢,
replace x by ¢, and repeat. {Sec Fig. 3.3.) When the sifting stops, we stere j in x.

When deleting an item, the easiest way to obtain a node y with no children is to
choose the most-recently added node not yet deleted. If we always use this rule, the
tree nodes behave like a stack (last-in, first-out) with respect to addition and
deletion,

The running times of the heap operations depend upon the structure of the tree,
which we must still define. The time for a sift-up is proportional to the depth of the
node at which the sift-up starts. The time for a sift-down is proporticnal to the total
number of children of the nodes made vacant during the sift-down. A type of tree
that has small depth, few children of nodes on a path and a uniform structure 1s the

{c) (d}

F16. 3.3, Deletion of key 6 using sifi-down. The last-created node contains key 99. (1) Destruction of
the last leaf. Key 99 must be reinserted. {b) The smallest key among the children of the vacant node is 7.
Since 99 = 7, 7 moves into the vacant node. (c) The smallest key among the children of the vacant node
is 11. Since 99 = 11, 11 moves into the vacant nede. (d) Since the vacant node has no children, 99 moves
inand the sifi-down stops.
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Fi6. 3.4. A 3-heap with nodes numbered in breadth-first order. Next node 10 be added is 10, « child

of 3.

complete d-ary tree: each node has at most d children and nodes are added in
breadih-first order. Thus we define a d-heap to be a complete d-ary tree containing
one item per node arranged in heap order. (See Fig. 3.4))

The d-heap operations have running times of O(1) for findmin, O(log n) for insert,
and O(d log,n) for delete and deletemin, where n is the number of items in the heap,
since a complete d-ary tree has depth logsn + O{1). The parameter d allows us to
choose the data structure to fit the relative frequencies of the operations; as the
proportion of deletions decreases, we can increase d, saving time on insertions. We
shall use this capability in Chapter 7 to speed up a shortest-path algorithm.

The structure of a d-heap is so regular that we need no explicit pointers to
represent it, If we number the nodes of a complete d-ary trec from onc to n in
breadth-first order and identify nodes by number, then the parent of node x is
[(x - 1)/d] and the children of node x are the integers in the interval
[d{x - 1}+ 2..minldx + I, 7| (See Fig. 3.4.) Thus we can represent each node
by an integer and the entire heap by a map A from {1..n} onto the items. The
following programs implement all the d-heap operations except makeheap, which
we shall consider later.

item function findmin {(heap /)
returnif 4 - { P ol A £ { |- — (1) G
end findmin;

procedure insert (item i, modifies heap k),
1. siftup (/.| A + 1. )
end insert;

procedure delcte (item i, modifies heap /2);

item j.
Jo=h(Th]):
2 oR(LAD) = null;

if i 4 jand key (j) = key (i) — siftup (. A’ (D), k)
|i 4 jand key (f) = key (i) — siftdown (j, I Y. h)
fi
end delete;
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item funiction deletemin (modifies heap /),
if h = { | — return null
lh4{)—
item/;
i=h(1);
delete (h(1), A);
return/
fi

end deletemin;

procedure siftup (item /, integer x, modifies heap 4);
integer p;
po={x =1)/d1;
dop # 0and key (h(p)) = key (i) —
Ax), x,p = hip).p. [ (p — 1}/d] od,
30 h(x) =1
end siftup;

procedure siftdown (item 7, integer x, modifies heap A);
integer ¢;
¢:= minchild (x, A);
doc # Oand key (A(c}) = key (1) —
h(x), x, ¢ = h{c), ¢, minchild (¢, /) od;
Ay =
end siftdown;

integer function minchiid {integer x. heap 4):
returnif d-(x — D+ 2 = [h1—0

4. ld(x — ) +2< |h|—min{d-(x 1)+ 2. .min{d-x + 1,[k[lby keyoh
fi

end minchild;

Notes. See §1.3 for a discussion of our notation for maps. The complicated
cxpression in line 4 selects from among the set of inlegers from d(x — 1) + 2 to
min {dx + 1,[k| ], ie the children of x, an integer ¢ such that key (A(c)) is
minimum, i.e. a node containing an item of minimum key. O .

The best way to implement the map representing a o-heap is as an array of
positions from one to the maximum possible heap size. We must also store an integer
giving the size of the heap and, if arbitrary deletion is necessary, every item J§ must
have a heap index giving its position £ '(/} in the heap. If arbitrary deletion is
unnecessary we need not store heap indices, provided we customize deletemin to call
siftdown directly. (A call to delete from deletemin will never result in a sift-up.)

We have written siftup and siftdown so that they can be used as heap operations
to restore heap order after changing the key of an item. If the key of item 7 in heap A
decreases, the call siftup (i, £ '(i), h) will restore heap order; if the key incrcases,
siftdown (i, A '(i), #) will restore heap order. We shall use this capability in
Chapter 7.
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The last heap operation we must implement is makeheap. We can initialize a
d-heap by performing n insertions, but then the time bound is O{n logn). A better
method is to build a complete d-ary tree of the items in arbitrary order and then
execute siftdown (A(x), x, iy forx — m, n — 1, .+, 1, where £ is the map defining
the item positions. Thke running time of this method is bounded by a constant times
the sum

a4+ 1)
——— = O(n),
2"
since there are at most n/d’ nodes of height i in a complete d-ary trec of # nodes.
The (ollowing program implements makeheap:

heap function makeheap (set s);
map k;
hr -4 )
foric s— hijkh|+ 1):=1irof;
forx ~|sl|,|s| —1..1 — siftdown {A(x), x, h) rof;
return A
end makeheap;

We close this section with some history and a remark. Williams, building on the
earlier TREESORT algorithm of Floyd, invented 2-heaps and discovered how to
store them as arrays [6], [10]. Johnson [7] suggested the generalization to d > 2. An
anaiysis of the constant factor involved in the timing of the heap operations suggests
that the choice d = 3 or 4 dominates the choice d = 2 in all circumstances, although
this requires experimental confirmation.

3.3, Leftist heaps. The d-heaps of §3.2 are not easy to meld. In this section we
shall study leftist heaps, which provide an alternative to d-heaps when melding is
necessary. Knuth [8] coined the term “leftist™ for his version of a data structure
invented by Cranc [5].

If x is a node ir a full binary trec, we define the rank of x to be the minimum
length of a path from x to an external node. That is, rank (x} = 0if x is an external
node. rank (x) = 1 1 min {rank (left {x)), rank (right (x))}if x is an internal node.
A full binary tree is leftist if rank {left (x)) = rank (right (x)) for every internal

FiG. 3.5. A leftist heap. External nodes are omitted. Numbers near nodes are ranks.



HEAPS 39

FiG. 3.6. Merging two leftist heaps. Merged path is marked by heavy lines. To maintain the lefiist
properiy, children of 5 are swapped.

node x. In a leftist tree the right path is a shortest path from the root to an external
node. It is easy to prove by induction that this path has length at most /g #.

A lefrist heap is a leftist tree containing one item per internal node, with items
arranged in heap order. (See Fig. 3.5.) We shall treat leftist heaps as being
endogenous; that is, the items themselves are the tree nodes. Since the external
nodes contain ne information, we shall assume that every external node 1s null. To
save tests in cur programs we assume that rank (null} is initialized te zero. To store
a leftist heap, we need two pointers and one integer for each internal node, giving its
left and right children and its rank. To identify the heap, we use a pointer to its root.

The fundamental operation on leftist heaps is melding. To meld two heaps, we
merge their right paths, arranging nodes in nondecreasing order by key. Then we
recompute the ranks of the nodes on the merged path and make the tree leftist by
swapping left and right children as necessary. (See Fig. 3.6.) The entire meld takes
Ofleg n) time, where # is the number of nodes in the two heaps.

To insert an item into a leftist heap, we make the item inlo a one-node heap and
meld it with the existing heap. To delete 2 minimum item, we remove the root and
meld its left and right subtrees. Both these operations take O{log ») time. The
foliowing programs implement findmin, meld, insert, and deletemin on leftist
heaps:

item function findmin (heap #);
return A
end findmin:

heap function meld (heap 4, A2);
returnif 4, — null — A, | A, = null — K,
|#, 4 malland A, # null — mesh (k) #,) fi
end meld;
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heap function mesh (heap #,, h,);
if kev (h) > key (hy) — h, < h
right (h) =it right (k) = null — A,
| right {h,) # null — mesh (right (h,), ;) R;
if rank (left (h))) < rank (right (h,)) — left (h)) — right (h)) f;
rank (b)) = rank (right (h))) + 1;
return A,
end mesh;

Note. The meld program is merely a driver to deal efficiently with the special case
of a null input; the mesh program performs the actual melding. i

procedure insert (item {, modifies heap #);
lefr (i}, right (0), rank (i) = null, null; 1;
h-=meld (i, k)

end inscrt;

items function deletemin (modifies heap A);
itern /;
i=h
h = meld {left (h), right (h)):
return /;
end deletemin;

Before studving heap initialization and arbitrary deletion, let us consider two
other useful heap operations:

listmin (x, k): Return a list containing all items in heap & with key not excecding
real number x.

heapify {g): Return a heap formed by melding all the heaps on the list g. This
operation assumes Lthat the heaps on ¢ are disjoint and destroys both g and the
heaps on it.

The keap order of leftist heaps allows us to carry out listmin in time proportional
to the number of elements listed: we perform a preorder iraversal starting from the
root of the heap, listing every encountered item with key not excecding x and
immediately retreating from each item with key exceeding x. The same method
works on d-heaps but takes O{dk) rather than O{(k) time, where £ is the size of the
output list. The following program implements listmin on leftist heaps:

list function listmin (real x, heap A);
returnif # = mull or key (A) > x— [ ]
|k £ null and key (k) = x -— [h] & listmin (left (h))
& hstmin {right (h))
fi

end listmin;

To carry out heapify, we treat the input list as a queue. We repeat the following
step until only one heap remains, which we return: Remove the first two heaps from
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the queue, meld them, and add the new heap to the end of the queue. The following
program implements this method:

heap function heapify (list q);
dolg|z2—g:=¢g[3..] &meld{(g(1), ¢(2)) od;
returnifg = [ J-+~mullig £ [ ] —q(Dfi

end heapify;

In order to analvze the running time of heapify, let us consider one pass through
the queue. Let & be the number of heaps on the queue and # the total number of
items they contain. After [ £/27 melds, every heap has been melded with another,
leaving at most L k/2] heaps. The total time for these melds is

Las2]
O( > max (1, log n} )
f=1

where #, is the number of items in the ith heap remaining after the pass. We have
0 =n = nand 2_%* n — n These constraints imply that the time for one pass

through the queue is O(k max {1, log (n/k)}. The time for the entire heapify is

Llgkd k
0( > ~ max

i 0

i

n2 n
X ) = O(k max {1, log kl),

1, log —

where & is the number of original heaps and # is the total number of items they
contain.

We can make a leftist heap of n items in O(xn log #) time by repeated insertion,
but heapify gives a better method; We make each item into a one-item heap and
apply heapify to a list of these heaps. In this case & = #and the running time is O{#n).
The following program implements makeheap using this method:

heap function makeheap (set 5);
list g;
g:=1 I
for i © s — left (i), right (i), rank (i), g .= null, null, 1, ¢ & [/] rof;
return heapify (gq)
end makeheap;

The last heap operation is delete. It is possible to delete an arbitrary item from a
leftist heap in O(leg r) time if we add parent pointers to the tree representation. A
better methed for our purposes is 1o use lazy deletion, as proposed by Cheriton and
Tarjan [4]: To delete an item, we merely mark it deleted; we carry out the actual
deletion during a subsequent findmin or deletemin. To carry out findmin, we
perform a preorder traversal of the tree, making a list of each nondeleted node all of
whose proper ancestors are marked deleted; then we heapify the subtrees whose
roots are on the list and return the root of the single tree resuiting. Implementation
of deletemin is similar. With this method we can also if we wish perform /lazy
melding: To meld two heaps we create a dummy node whose children are the roots
of the two heaps to be melded. During findmin and deletemin we treat dommy nodes
as if they were marked deleted. The following programs implement lazy melding
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and findmin using this method. (We leave as an exercise implementing delete and
deletemin and modifying insert and makeheap to mark newly inserted items
nondeleted.) The program lazymeld marks dummy ncdes by giving them a key of
minus infinity.

heap function lazymeld (heap A, £,);
if #, — null — return A, |k, = null — return A,
|k, + null and A, # null —
item 1
i == create item;
if rank (h)) < rank (h;) — k)~ b, fi;
left (i), right (i), key (i), rank (i) .= hy, by, =, rank (hy) + 1
return i
fi
end lazymeld;

item function findmin {(modifies heap h);
h := heapify {(purge (h));
return A

end findmin;

list function purge (heap #);
returnif 2 = null — [ ]
|k # null and key (4) > - = and not deleted (/) — [A]
| i+ null and (key (h) = —= or deleted (h)) —
purge (left (A)) & purge (right (h})
fi

end purge;

Note. The purge program makes a list of all nondummy, nondelcted nodes in # all
of whose proper ancestors are dummy or deleted. The heapify program must use the
original version of meld rather than lazymeld. ]

With lazy melding and lazy deletion. the time for a meld or deletion is O(1); the
time for a findmin is O(k max {1, log (n/(k + 1)}, where k is the number of
dummy and deleted items discarded from the heap. Lazy deletion is especially
useful when there is a way to mark deleted items implicitly, We shall see an example
of this in Chapter 6.

3.4. Remarks. There are scveral other heap operations that can be added te cur
repertoire with little loss in efficiency. One such operation is addtokeys (x, k), which
adds real number x to the key of every item in heap #. To implement this operatior.
we change our heap representation so that. instead of storing a key with cach iter.
we store a key difference:

key (x) if x is a tree root,
Akey (x) —
key (x} — key (p(x)) if p(x)is the parent of x.
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With this representation we can cvaluate the key of an item x by summing key
differences along the path from x to the tree root. The operation addtokeys (x, #)
takes O(1) time: we add x to the key difference of the tree root. The asymptotic
running times of the other heap operations are unaflected by this change in the data
structure. We shall see another use of storing differences in the next chapter.
Cheriton and Tarjan [4] first proposed using key differences in heaps, borrowing the
idea from an algorithm of Ako, Hoperoft and Ullman [2] for computing depths in
trecs,

Although leftist trecs give a simple and efficient way to represent meldable heaps,
almost any class of balanced trees will do almaost as well; all we need is a definition of
balance that allows rapid melding of two balanced trees containing items arranged
in heap order. Empirical and theoretical evidence gathered by Brown [3] suggests
that the class of “binomial trees™ [9] gives the fastest implementation of meldable
heaps when constant factors are taken into account. However, on binomial heaps the
heap operations are harder to describe and implement than on leftist heaps.
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