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There are two main topics in this class: other metrics for online algorithms and online convex
optimization.

The following metrics for online algorithms are discussed: (i) tracking regret and (ii) (strongly)
adaptive regret. The FixedShare algorithm, that represents an adaptation of the MWU algorithm,
is also discussed.

Finally, the basic concepts of the Online Convex Optimization (OCO) field are presented — we
end the lecture presenting two (simple) OCO applications: scalar prediction and portfolio opti-
mization.

1 Recap

In the Abstract Experts Game, at each time step ¢ = 1,--- , 7', a certain algorithm Algo,
1. Generates a distribution p € A™, where m represents available actions, or experts; and
2. Receives the loss vector /¢ € [0; 1]™.

The loss, at each iteration ¢, is given by (¢*, p') or > pi(t.

)

The goal, in a minimization version of the problem, is to minimize the total loss, or

T
(OBN) > (' ¢) < min) ( (1)
t ! t=1
It was also proved in the last lecture that MWU algorithm has the following bound:
T T
d W) < mind 4 /T logm. 2)
=1 -

2 Other performance metrics

So far, we have seen metrics that compare the solution obtained by an online algorithm to the “best
action”, i.e., fixed solutions, valid to every time step ¢. In this section one will touch on different
performance metrics.
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2.1 Tracking regret

An initial idea could be to compare the solution obtained by the algorithm to the best solution
found at each time step . However, this idea will be proved to be too ambitious. The following
example serves an illustration of this.

Example: Let’s consider m = 2 and the loss function ¢* = (0, 1) or (1,0). Let’s build a bad
instance for this problem. This can be done by using the following loss function:

t (1?()) ’lfptlng7
£ = {(0,1) Lif pi < ph. .

In this case, at each time step ¢, the loss will be, at least, equal to 0.5. In mathematical terms,
(p', 0*) > £, Vt. So, total loss will be > T'/2, while the dynamic OPT has total loss 0 (zero).

This example shows how ambitious it is to compare an algorithm solution with the dynamic
optimal solution. So, if we are not going to compare the algorithm solution with the dynamic OPT,
it will be compared with an OPT obtained if solution is allowed to change £ times.

Example: Let the following table represent the loss function for ¢ time steps for each available
action (0,1,2).

Actions | 1 .. T/A|TA+l .. T2 |T2+1 .. 3T/4|3T/4+1 T
1 0 .. 0] 0 .. 0 1 1 .1
2 0 .. O 11 1 . 0 0
3 1 1 [ 0 .. 0 1 1

If £ = 0, i.e., one can’t change the option during the game, 0—OPT= 7'/2 (action 1, for
instance). Moreover,

k=0, 0-OPT =
k=1 1-OPT =

(action 1 fort =1,---,T)
(action 1 fort =1, -- 75,
action2fort =2 +1,--- 1)
k=26 2—-0OPT=0 (actionlfortzl,u-,g,

action3fort =% +1,--- 2,
action2fort =32L +1,... 7).
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This brings us to the definition of the Tracking Regret metric.

Definition 2.1 (Tracking Regret). The k-tracking regret of an algorithm Algo is defined as:

loss of the
best sequence
t oty
Zt:<p ) of actions with
up to k changes



Question: is it possible to use the MWU algorithm to obtain a good algorithm with respect to
the tracking regret?

To build such an algorithm, one can
1. build meta-actions for each possible sequence of actions; and
2. run MWU in meta-actions.

A meta-action represents a “path” of actions. An example of meta-actions form = 2and k = 1
is

al PR DY DY DY al
al o« e PR DY a’l a/2
al ... a/l 0/2 DR a2

)
a2 PR a2 al DY al

i.e., the first meta-action plays action a; at all times, the second plays a; until the last time, when
plays as, etc.
In this case, MWU algorithm run over the meta-actions has the following bound:

loss < k—OPT+ /T -log(ma), (4)

where ma represents the number of meta-actions (paths). So, in order to evaluate this bound, one
needs to find, for a given &, how many meta-actions exist.

One can change the solution up to k times. So, there are (g) + (ilp) + 4+ (z) ways to build
the path. So,

() ()5 ()] -
k(k)mk
(Tm)k.

ma
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Using this result, /7 - log(ma) = \/Tk - log(Tm).

Lemma 2.2 (MWU bound). One can use MWU algorithm to obtain a solution p such that

> (') < k—OPT+\/Tk-log(Tm).

t

When a big” k is used, the k—OPT term tends to 0, while the term +/Tk - log(T'm) grows
wrt k. So, it should be desirable to find an “optimal” value for k (a parameter of the algorithm), in
order to minimize the loss, though it is not clear how to do this, since k—OPT is unknown.
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Another issue related to the use of MWU with meta-actions is the computational cost of cre-
ating and maintaining in memory all the (7'm)* meta-experts. So, it is important to find a more
efficient algorithm.

Question: Is there any way one can use the ’vanilla” MWU algorithm? The following example
(k = 1) presents its performance analysis. Let the loss function be represented by the following
table:

Actions ‘ 1 ... TR ‘ T24+1 ... T
1 0o ... O 1 1
2 1 ... 1 0 ... 0

Let’s use MWU with € = 1/2. In this case, MWU update rule is

’U]H_l

t+1 t —1gt t+1 i
‘ p; = > 1
i Wi

w; T =w;e 27,

Thus, fort = %,

T/2

wl/ ——w%——l,

T/2 -7 -7

w2/ =wy e /= =T/ .

So, pT7? ~ (1 — e7T/4 = T/4),

For time steps ¢ > 7'/2 one wants MWU algorithm to result in p» — 1. However, it would take
an excessive amount of time to achieve this goal, because, at time step 7'/2, current weight of p,
is close to zero. After T iterations:

{ w{ ~ e T/4

T ~ ,—T/4
w2N6 /,

i.e., at the end of the game, both actions are equal weighted.
At every time step £, p; > 1/2. So, this algorithm has a total loss > 7'/2. However, 1—OPT

is equal to O (zero). So, the ’vanilla” MWU algorithm shouldn’t be used (bad performance, when
compared to dynamic optimal).

This previous example showed how important the historical information is to the MWU algo-
rithm (which gives too much inertia). So, one can suggest to reinitialize the MWU algorithm after
a given number of iterations (e.g. 5 time steps), in order to reduce the effect of the memory into
the process.

In this case,

OPT; + v/logm
OPT +%./-,

window 7 loss j
>2) total loss
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so the loss continues to have a linear relation wrt 7'. Then, using this windows-approach (e.g. 5
time-steps windows) isn’t a good idea.

[FixedShare Algorithm]: This algorithm is like MWU, but with a different update rule ([3]):

t —elt
(6% pl-e t

t+1
ARy [ Gy L CE 5)
m ijé'e J

that represents a linear combination among uniform discrete distribution and the traditional MW U
update rule.

One should pay attention to a few comments about the FixedShare algorithm:

e when o = 1, algorithm maintains the uniform discrete distribution at all iterations;
e when o = 0, one has the MWU, with full memory;

e the term «/m represents a lower bound to the weights of every expert, at all the iterations.

The third point of the above list is important because, if every expert has, at each iteration, a
lower bound for its weight, the algorithm has enough time to change weights allocation, if neces-
sary.

Theorem 2.3 (FixedShare k—Regret). FixedShare algorithm with o = k/T has k—tracking regret
limited to: .
k — Tracking Regret <,/Tk - log(Tm). (6)

2.2 (Strongly) adaptive regret

The idea behind this performance metric is to identify (measure) algorithms with small regrets at

any time interval through 1,--- 7. Let Z be an interval (window), such that Z C [1,--- T].
Then, the adaptive regret R is such that
D W) <Y b+ R, VI, (7)
teT tez

where i*(Z) represents the “best” action for interval Z.

It is important to note that a good 2-Tracking Regret algorithm doesn’t have, necessarily, a good
performance with respect to the (strongly) Adaptive Regret measure. However, a good Adaptive
Regret algorithm must have a good k-Tracking Regret: in a 2015 paper, Daniely et. al. ([2]) proved
that strongly adaptive regret is stronger than tracking regret, i.e., a Strongly Adaptive Regret algo-
rithm satisfies k-Tracking Regret, Vk.

Adamaskiy et. al. have proved ([1]) that FixedShare algorithm satisfies the following:

lossinterval Z < OPT(Z) + +/|Z| - log(mT), VZ. 8)
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3 Online Convex Optimization (OCO)

3.1 Basic definitions

Definition 3.1 (Convex Functions). A function f : R — R is said to be convex if

fly) = f(x) +(Vf(z),y —x), Vx,yeR.

Examples: the following functions are convex:

f(z) =

f(z) = ! |

f(x17 "afn):$%+"'+xi,
f(xh ’ ) ZCLZEZ:< ,l‘),
f(x) = max{(a x) + by, {(a® ) + by}

The most important characteristic of convex functions, when one is studying optimization of
such functions, is that any local minimum is a global minimum. Moreover, this minimum point
can be found (approximately) in polynomial time.

3.2 Online Convex Optimization algorithms

The goal of an OCO algorithm is to find, for each time stept = 1,--- , T, z* € P (where P C R"
is called playing set), in order to minimize total loss (see Algorithm 1). The total loss function

F(z) is given by
T
= Z fi(@)
t=1

One must note that F'(-) is a convex function, because it is defined as the sum of convex
functions f(+).

Algorithm 1 Online Convex Optimization
1: procedure OCO ALGORITHM
2 TotalLoss < 0
3 fort=1,---,T do
4 Algo generates z¢, (2! € P)
5: Convex loss function f;(-) available
6: TotalLoss < TotalLoss + f;(x*)
7
8
9

end for
return TotalLoss
: end procedure




The performance of an algorithm like Algorithm 1 above is measured comparing Zle fe(2h)
versus F'(z*), where x* is the minimizer of the function F'(-).

The abstract experts problem studied in the previous lectures can be seen as a particular case
of OCO. To ”prove’this statement, let

e P = distribution of actions = A™

° ft(ﬂjt) = (xt,ft>

3.3 Application - scalar prediction

The goal of this problem is to forecast a scalar! at each iterationt = 1,--- ,T. Instance definition:
o P=I[-11]
o fiz) =z — a

Example:

t Algo fi() Loss
I 1 |z—08 18
2 0 Jz—07 07
306 |r—09 03

In this example, TotalLoss = 2.8 (= 1.8 + 0.7 + 0.3), versus OPT = 0.2, for z* = 0.8.

3.4 Application - (simplified) portfolio optimization

The goal of the problem is to maximize wealth at the end of the game.
Setup:
e m stocks
e 1wy initial wealth
e at time ¢, money is allocated among the stocks: P € A™

For instance, at time ¢ = 1, component wy - p} represents the amount of money allocated to
stock 7. Only after allocation is done one knows the return of each stock ! € [0, c0).

Question: how much money w; one has at the end of period ¢?

At the end of period 1, wq - p} — wy - p; - r}. For all the periods,

'a scalar z is any number z € R



W = wi(p,rt)
1
Since log(a - b) = log(a) + log(b),

log(wri1) = log(wo) + log(p',r") + - - - + log(p",r").

It is important to note that function log(+) is an increasing function?. So, to maximize wy; is
equivalent to maximize log(wyy1) = Zthl log(p*, rt).

So, writing the problem as an OCO problem,
e P=A™
e fi(p) = revenue function = log(p, r*)

e objective: max »_, f;(p").
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%if y > x, then f(y) > f(x)



