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Abstract

This paper first introduces a new data structure, called V-trees, designed to store
long sequences of points in 2D space. They operate in much the same way as
positional B-Trees do in the context of long fields, but they are better understood
as a variant of R-trees. Then, the paper introduces a second data structure, called
VR-trees, that extends V-trees to store sets of sequences of points. Finally, the
paper discusses how to use VR-trees to store thematic maps, that is, sets of non-
overlapping polygons.

The design of these structures was motivated by the problem of storing and
retrieving geographic objects that are fairly long, such as river margins or political
boundaries, and the fact that geographic queries typically access just fragments of
such objects, frequently using a smaller scale.

1 Introduction

Geographic databases typically store objects that fall into two broad classes [9], ge-
ographic objects and fields. Geographic objects have an identification with real-world
elements, such as parcels in a cadastral map and poles in an electrical network. These
objects can be associated with one or more geographic representation in a given geo-
referenced coordinate space. By contrast, fields represent spatially distributed variables
taking values from some domain. They may be associated with digital terrain models,
thematic maps or reflectance to incident radiation (as in satellite or aerial images).

This paper is primarily concerned with the problem of storing and retrieving the
representation of geographic objects that are fairly long, such as river margins or political
boundaries. In more general terms, we concentrate on the storage and retrieval of long
sequences of points in 2D space, in a given geo-referenced coordinate space. From the
onset, it should be stressed that geographic queries [6, 7] typically access just fragments
of the representation of a (long) geographic object, not the whole representation, and
they may involve changes to smaller scales (i.e, from 1:250,000 to 1:1,000,000), which
means that many points of the object representation will map into a single point, as far
as the query is concerned.

The solution we propose is based on a new data structure, called V-trees, basically
designed to store long sequence of points and yet allow efficient access to their fragments.
They also greatly optimize access to a sequence of points when the query involves changes
to a smaller scale, since they permit to easily generate an approximation of the sequence
of points that best suits the scale chosen. We also describe variations of V-trees that
store sets of sequence of points and thematic maps.



V-trees operate in much the same way as positional B-trees do in the context of
long fields [3, 4] and they can be viewed as a variant of R-trees [1, 13, 23]. However,
unlike R-trees, the construction of V-trees takes into account just the sequence of points
itself and a special node balancing criterion, and it is not concerned with Immmmmg
the superposition of bounding boxes.

We stress that V-irees were designed as a storage method for long sequence of points,
and not as a spatial access method. In this last category, in addition to R-trees, we find
an enormous variety of data structures. Good surveys of spatial access methods can be

found in [8, 12, 14, 16, 19, 22].

This paper is organized as follows. Section 2 contains the basic definitions we need
in later sections. Section 3 introduces V-trees and gives some additional motivation.
Section 4 sketches some operations over V-trees. Section 5 describes some useful varia-
tions of V-trees, while Section 6 discusses how to use V-trees to store sets of sequence
of points and thematic maps. Finally, Section 7 contains the conclusions.

2 Vector Objects

In the context of this paper, we assume as given a 2D coordinate system and work with
a family of simple 2D geometric figures defined as follows.

A point is a pair of real numbers, called the z- and y-coordinates of the point. A
segment is a pair of points, called the start point and the end point of the segment.

A polyline is a finite sequence of points; the first and the last points of the sequence are
called the start and the end points of the polyline. A polyline then defines a sequence of
segments such that the end point of a segment is the starting point of the next segment.
A polyline P is a fragment of a polyline @ iff the sequence of points that defines P
is a subsequence of contiguous points of the sequence that defines . A polyline P is
the reverse of a polyline @ iff the sequence of points that defines P is the reverse of
the sequence of points that defines ). A long polyline is a polyline whose sequence of
points is long (according to some criterion that is left unspecified, but which will become
intuitively clearer as the discussion proceeds). A polyline is closed iff its start and end
points coincide; otherwise it is open.

We will use without definition the relationships intersect, touch and contains.

The bounding boz of a polyline is the smallest rectangle such that the sides are parallel
to the axis of the coordinate system and the rectangle contains the polyline.

A polygon P is a pair whose first element is a finite list Ny, Ny, ..., N,_; of distinct
points, called the vertices of P, and whose second element is a finite list Lg, Ly, ..., Lpn_1
of distinct polylines, called the edges of P, such that:

1. N; is the first point of L; and the last point of L;_y, for i € [0,n - 1] (where sum
is module n);

2. each polyline does not touch itself and two polylines touch each other only in the
situation just described above;



3. each polyline do‘es not intersect itself or another polyline.

A thematic map [10) M with bounding boz B is a set of polygons, called regions of
M, such that:

1. all regions of M are contained in B;

2. any two regions of M do not overlap with each other.

Intuitively, a thematic map defines a geographic field such that each region of the
map corresponds to a region in 2D space where the field has a uniform value. The
region in the 2D space defined by the bounding box and not covered by any polygon is

sometimes called the background of the thematic map, which also corresponds to a value
of the field.

Finally, we observe that the above definition is simplistic in the sense that it captures
neither the complete topological information usually associated with thematic maps nor
the case where the regions have “holes”. However, it suffices to illustrate some of the
problems associated with the storage of thematic maps.

3 V-Trees

3.1 Motivation for V-Trees

V-trees were inspired on the storage structure for long objects developed for the EXO-

DUS system [4], which was in turn based on the ordered relations proposed in Stone-
braker et alii [26].

Conceptually, a long object in EXODUS is just a byte string. Physically, a long
object is stored on disk as a Bt-tree, where keys denote positions (in bytes) within the
object and leaves store consecutive blocks of bytes of the object (recall that leaves are
always half occupied, at least, in B*-trees). The internal identifier of the object is a
pointer to the root of the tree that stores if.

The root R of the tree contains a list of pairs of the form (¢, p), one for each child
F of R, where p points to F and c is the position of the rightmost byte stored in the
subtree whose root is F'. The position associated with the last child is then the size of
the object. An interior node N is similarly defined and corresponds to a substring s of
the byte string that represents the object. That is, the positions stored in N represent
displacements relative to the beginning of s.

Consider the example shown in Figure 1. The subtree whose root is the left child
of the root stores bytes 1 to 421 and the other subtree stores the other bytes. The
rightmost leaf stores 173 bytes. Byte 100 within this leaf is byte 1924+100=292 within
the substring associated with the right child of the root and byte 421+292=713 within
the object as a whole.

Let us now return to long polylines. They can naturally be stored as long objects
using B*-trees as above, but this strategy will hardly help processing geographic queries.
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Figure 1: An example of positional B-iree.

Indeed, most of the time, the query processor will be interested in accessing the fragments
of a polyline that fall within a given region. Very rarely, if at all, the processor will be
interested in accessing points of the polyline according to their relative position within
the polyline. In other words, we need a storage structure that will help access fragments
of a polyline by their position in 2D space, and not by their relative position.

V-trees correct this deficiency, while retaining the basic idea of the EXODUS storage
method. A V-tree is very similar to an R*-iree, where leaves store consecutive blocks
of points of the polyline in question. An interior node N of the V-tree contains a list of
pairs of the form (p, B), one for each child C of N, where p points to C and B is the
bounding box for all fragments stored in the subtree whose root is C.

In a sense, the byte displacements of the B*-trees give way to bounding boxes of
fragments of the polyline. V-trees therefore facilitate accessing the fragments of the
polyline that fall within a given region. Figure 2 shows a V-tree where the leaves V43,
Via, Vis, Va4, V21 and Vi, store the fragments that compose the polyline.

3.2 Definition of V-Trees
Given integers m > 1 and n > 1, a V-tree of order (m,n) is an m-way tree such that:

e All leaves are at the same level.

¢ Each leaf N contains a sequence of points of size between n/2 and n. The bounding
box of N is the bounding box of the sequence of points N stores.

o Each interior node has between m/2 and m children, except the root, which has
between 2 and m children.

e For each child M of an interior node N, N contains an entry consisting of a pointer
to M and the bounding box of M. The bounding box of an interiér node N is the
bounding box covering all the bounding boxes of entries in N.

Given a polyline P, one may then store P in a V-tree V of order (m,n) by breaking
P into consecutive fragments of size n and storing each fragment in a leaf of the V-tree.
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Figure 2: An example of V-tree.

In the process of breaking a polyline into consecutive fragments, the last point of a
fragment becomes the first point of the next fragment so that the bounding boxes of the
fragments completely cover the polyline. Naturally, all algorithms that reconstruct P
from V must be aware that the last point of a fragment is the first one of the next one
(except if the fragment is the last one and the polyline is not closed).

At this point, we may digress into some practical considerations. First, the interior
nodes and the leaves need not occupy pages of uniform size, since they store entries of
different nature. In other words, the parameters m and n are in principle unrelated.
Second, one may link the leaves together to facilitate accessing consecutive fragments of
a polyline. If the polyline is closed, the leaves may in fact be organized as a circular list.

4 Sample Operations for V-Trees

4.1 Sample Retrieval Operations for V-Trees

In this section, we describe three retrieval operations for V-trees that* help assess the
usefulness of the structure.

Consider first the clipping operation, that receives as input a polyline P stored in a
V-tree V and a bounding box B, defined by a pair of points (the top-left and the bottom-
right corners), and returns the fragments of P that fall inside B. The algorithm, shown



algorithm clipping
input: V-iree, search boz
output: reported fragments
begin
if node is not leaf then
for each entry do
if entry.bounding bor intersects search boz then
call clipping for entry.sub-tree
else
report intersection between fragment stored in the leaf and search boz
end clipping

Figure 3: clipping algorithm.

in Figure 3, basically traverses V visiting all subtrees whose bounding boxes intersect B.

. For simplicity, the algorithm returns the answer as a sequence of polylines. Note how
the clipping operation indeed illustrates why V-trees are an interesting storage strategy
for long polylines.

We now discuss a variation of the clipping operation that reduces the number of nodes
retrieved when the user is operating in a scale and precision which is smaller than the
scale used to store polylines (we remind that we consider, for example, a 1:1,000,000
scale to be smaller than a 1:250,000 scale). In this case, it suffices to generate just an
approximation of polyline which is good enough for the scale chosen. For example, if the
user wants to visualize a polyline in a scale smaller than that used to store the polyline,
then many points of the polyline will correspond to a single pixel on the screen.

Suppose that the user is operating with precision p (explicitly stated or induced by the
scale chosen). The approximate operation, shown in Figure 4, will then stop descending
a subtree T with root N and approximate all points represented by the leaves of T' by
the centroid of the bounding box B of N, if the diagonal of B is less than or equal to
2% p. This condition guarantees that the error, that is, the distance between the centroid
and any of the points it approximates is less than or equal to p.

We now turn to the subcase of the contains operation that tests if a point w is in
the region defined by a closed polyline P that does not cross itself and which is stored
in a V-tree V. The algorithm, shown in Figure 5, is a variant of that discussed in [20].
It basically draws a line L, parallel to the X-axis, starting on w and extending to the
right, and counts how many times L crosses P; if the number is odd, then w is inside
P, otherwise w is outside. The algorithm is optimized in the sense that, if I does not
cross the bounding box B associated with a subtree T', then it will not traverse T, since
L does not definitely cross any of the fragments of the boundary of P stored in 7.



algorithm approzimate
input: V-iree, precision
output: reported points
begin
if node is not leaf then
for each entry do
if entry < precision then
report center of entry.bounding boz
else
call approximate for entry.sub-tree
else
report sequence of points stored in the leaf
end aepprozimate

Figure 4: approximate algorithm.

4.2 Inserting and Deleting from V-Trees

Consider first the insert operation that inserts a new point w into a polyline P, stored
in a V-tree V. For simplicity, we assume that, in addition to w and V, the operation
receives as input a pointer to the exact position within a leaf of V' (already in main
memory) where w must be inserted.

The algorithm is identical to that of B-trees. The new point w is inserted info the
appropriate leaf of V and nodes are recursively split towards the root. We only remark
that, if the node is a leaf, then the first point of the sequence stored in the new node must
be repeated as the last point of the new sequence stored in the old node. Moreover, the
bounding box of each node that was split must be recomputed and the corresponding
entry in the parent node must be updated, and so on recursively towards the root.

The delete operation also accepts as input a point w, identified by a pointer to a leaf
in main memory, and a polyline P, stored in a V-tree V. The algorithm is also identical
to that of B-trees. The point w is deleted from the appropriate leaf of V' and nodes
are recursively merged towards the root. We again observe that, if two adjacent leaves
are merged, then the last point of left leaf must be dropped since it is the first point
of the right leaf. The bounding box of merged nodes must also be recomputed and the
corresponding entry in the parent node must be updated.

Naturally, we exemplified just the simplest format of the insertion and deletion op-
erations. More complex variations could insert and delete entire fragments of a polyline.

5 Variants of V-Trees

In this section, we introduce two useful variants of V-trees: the static V-trees and the
V*-trees.



algorithm contains
input: V-iree, point
output: flag
begin
draw line from point to the right
call contains!
if counter is odd then
assign true to flag
else
assign false to flag
end contains

algorithm contains?
input: V-tree, line
output: counter
begin :
if node is not leaf then
for each entry do
if line intersect entry.bounding boz then
call contains! for entry.sub-tree
else
if line crosses fragment stored in the leaf then
increment counter
end containsl

Figure 5: contains algorithm.

Given integers m > 1 and n > 1, a static V-tree, or SV-tree, of order (m,n) is an
m-way tree such that:

o All leaves are at the same level.

¢ Bach leaf N contains a sequence of points of size n, except possibly the righ‘tmost
leaf. The bounding box of N is the bounding box of the sequence of points N

stores.

o Each interior node has m children, except possibly the rightmost node in each level
of the tree (including the root).

o For each child M of an interior node N, N contains an entry consisting of a pointer
to M and the bounding box of M. The bounding box of an interior node N is the
bounding box covering all the bounding boxes of entries in N.

An algorithm to construct an SV-tree V of order (m,n) for a polyline P would first
sequentially insert all points of P into buckets of n elements, creating the leaves of V. As



for the regular V-trees, the last point in a leaf is the first one of the next leaf. Note that
only the last leaf will have less than n entries. Then, the algorithm would recursively
create the internal nodes of V up to the root by sequentially inserting the bounding
boxes and the references to the newly created nodes into buckets of m elements. Note
again that only the last node of a given level will have less than m entries.

This algorithm immediately suggests another variation of static V-trees that avoids
having nodes with less than m/2 entries (and leaves with less than n/2 entries). The
algorithm to create trees of this second variation simply distributes, at a given level, the

sequence of entries so that the number of entries in any two buckets differ by at most
one.

Finally, we may define V*-irees by analogy with B*-trees: it suffices to sphit two
nodes into three, when necessary, instead of splitting a node into two. Each node will
then contain 2/3 of the maximum allowed number of entries.

6 Handling Sets of Polylines and Thematic Maps

6.1 Storing Sets of Polylines

In previous sections, we discussed how to store a single (long) polyline, be it open or
closed. In this section we briefly address how to store a set of (long) polylines.

Let II be a set of polylines in what follows.

The approach we suggest is to store each polyline P in II in a separate V-iree,
approximate P by its bounding box Bp and then insert Bp into any of the (many)
spatial access methods designed to access rectangles.

If the access method chosen is an R-tree, we will call the final structure an VER-tree.

Figure 6 illustrates a VR-tree. For each VR-tree, there will always be certain level 1
such that:

o if we drop all nodes below level I, the resulting structure is a regular R-tree, called
the R-tree component of the VR-tree;

e cach subtree rooted at a node of level [ is a V-tree, called a V-tree comporient of
the VR-tree.

We note that, unlike all other spatial access methods that try to minimize bounding

box overlapping, VR-trees store complete fragments of the polylines in the leaves of their
V-tree components.

We also note that a VR-tree is not a balanced search tree in the sense that the leaves
will not be at the same level, since they actually belong to distinct V-trees which are
subtrees of the VR-tree. Therefore, a VR-tree is not a V-tree with the leaves storing
points belonging to distinct polylines.

Let ¥ be the VR-tree storing the set of polylines II.
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Figure 6: An example of VR-tree.

The approach just outlined allows implementing search operations for II which are
similar to those described in Section 4.1, but which traverse ¥. However, it still per-
mits separate access to each polyline in II, since the V-iree storing the polyline is an
independent structure.

The insertion of a new polyline P in II is decomposed into the creation of a V-tree
V for P, the insertion of the bounding box Bp of P into the R-tree component of ¥
and the addition of V' as a new V-tree component of ¥. The deletion of a polyline P
from II is likewise decomposed into the deletion of the V-tree V for P and the deletion
of the bounding box Bp of P from the R-tree component of ¥. Again, since polylines
are stored in independent structures, direct insertions and deletions of points to/from a
polyline remain unaffected. '

We may define a variation of VR-trees by using SV-trees (or V*-trees) to store the
polylines, thus generating the family of SVR-trees (or V*R-trees). If we allow a polyline
to be stored indistinctly either by a V-tree, a SV-tree or a V*-tree, we call the resulting
family the GR-trees. This last family is more flexible in the sense that it allows storing
each polyline in a set using the variation of V-tree that suits it best.

6.2 Storing Thematic Maps

This section briefly addresses how to extend the discussion about VR-trees to cover
thematic maps [10].
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Recall from Section 2 that a thematic map is a set of non-overlapping polygons, called
regious, and that the regions considered in this paper do not have “holes”. Therefore,
storing a thematic map means storing a set of polygons.

However, observe that, given two polygons P and @, they may have a common edge,
or a polyline L that is an edge of P may be the reverse of a polyline that is an edge of
(2. Hence, L may be stored just once and the structures storing P and @ may point
to the structure storing L and indicate whether L itself or the reverse of L is an edge
of the polygon. This strategy obviously saves storage space, and it also gives some

extra flexibility to the query optimizer, which can now access the edges of the polygons
directly.

More concretely, let M be a thematic map. One may then use

¢ a VR-tree Ty to store the set of all edges of all polygons of M (a polyline and
its reverse is stored just once). Each edge may have a header pointing back to
polygons {(note that a polyline may be an edge of at most two polygons);

¢ a second VR-tree Tp to store the set of polygons of M, where each V-tree of Tp
will represent a polygon of M in such a way that the leaves will store the sequence
of identifiers and bounding boxes of the polylines, stored in T}, that are edges of
the polygon (and an indication of whether the polyline is reversed or not), exactly
as an R-tree representing a polyline stores in its leaves the points that form the
polyline. This accommodates polygons with an unbounded number of edges.

Alternatively, one may use a single VR-tree Tas to represent M, that is, a V-tree of
Tar will represent either a polyline or a polygon of M, using the strategy just described.
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Figure 7 shows a thematic map that has two polygons P, and P, with a common
edge L4, whereas Figure 8 shows the VR-tree Tp that stores the set of polygons of the
thematic map. Tp will then have a V-iree Tp, for P, and a V-tree Tp, for P;, each having
an entry with the bounding box and the identifier of L4. Hence, it is possible to reach
L4 through the geometries of both P, and P; walking through their V-trees.

Finally, to add even more flexibility to the query optimizer, one may index the vertices
of polygons through a separate structure, which can be an R-tree (storage saving would
not be significant in this case). Each vertex may carry additional information about the
polygons that share it.

7 Conclusions

We introduced in this paper a storage method, that we called V-trees, for long polylines.
We have also discussed how to store sets of long polylines and thematic maps using
V-trees in conjunction with R-trees.

The major motivation was the storage and retrieval of representations of long vec-
tor objects that are part of a geographic database. We have shown, through sample
algorithms, how V-trees facilitate the access to fragments of a polyline and the genera-
tion of a.pprox1ma.t10ns of polylines in smaller scales. These characteristics facilitate the
processing of queries over geographic databases. :

The reader may find in reference [15] an early evaluation of V-trees and their variants,
using test data synthesized from real geographic data.
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