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ABSTRACT

The word “default” usually means something that is assumed, unless otherwise stated
explicitly. But, although fairly intuitive, default reasoning cannot be captured in first-
order logic, which stimulated the development of special formalisms for this purpose.
One of the most successful attempts is Reiter’s default logic (Reiter[4]). However, this
logic, as proposed, is actually only a calculus. This paper then presents a model theory
for which Reiter’s calculus is sound and complete and which is a natural generalization
of the first-order logic model theory.

1. INTRODUCTION

The word “default” usually means something that is assumed, unless otherwise stated
explicitly. But, although fairly intuitive, default reasoning cannot be captured in first-
order logic, which stimulated the development of special formalisms for this purpose.
One of the most successful attempts is Reiter’s default logic [4].

The central concept of default logic is that of extensions, first defined as fixed points of a
non-monotonic operator in a lattice. But, since there is no general method to find such
fixed points, this characterization of extensions is immediately abandoned in favor of a
completely syntactic one (Theorem 2.1 in [4]). As a consequence, Reiter fails to present a
true model-theoretic semantics for default logic, although one is needed to validate the
syntactic manipulation of his calculus.

We then introduce in this paper a model-theoretic semantics for default logic, which
avoids the use of fixed points. It is simple enough to make semantic reasoning easy and
sufficiently powerful to be sound and complete with respect to Reiter’s calculus. Briefly,
to define the semantics, we consider the defaults as inference rules and introduce the
concept of a D-model of a default theory (D,W). Then, we define a criterion of prefer-
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ence among D-models. Formally, we prefer a D-model M that is maximal, with respect
to set inclusion, in the set A(sup(M),W). Intuitively, we prefer a D-model that is max-
imally ignorant, without throwing away either any default actually used in M or the first-
order sentences in W. Note that the only partial order involved in our semantics is
set-theoretic inclusion between D-models.

We are aware of three other model-theoretic semantics for default logic: Luckaszewicz's
semantics for normal defaults [3]; Etherington’s semantics [1]; and Epistemic semantics
for default logic [2].

Luckaszewicz’s semantics addresses only normal defaults and depends on semi-
monotonicity. Therefore, it does not directly generalize to arbitrary default theories. The
other two semantics and ours cover the general case. In a broad sense and when appli-
cable (in Luckaszewics’s case), these semantics are equivalent since they completely
describe the extensions of default theories.

Although developed separately, Etherington’s semantics and ours are quite similar. The
main difference lies in that our preference criterion is based on set inclusion and neatly
takes care of the indexical aspects of defaults. Given a default theory (D,W), we do not
have to deal directly with the way knowledge is extended from Th(W) to a complete exten-
sion. On the other hand, Etherington’s semantics is more attached to the indexical
aspects of defaults and uses an order 2 that depends on the defaults. Intuitively,
I'y 2 pI', means that I'y “violates” less defaults from D than I', does. It is also interesting
to observe that both semantics find the same set of first-order models. Etherington’s
semantics begins with Mod(W) and then moves to smaller sets, whereas our semantics
start with the smaller sets and move to the larger ones. Hence, one might argue that both
semantics are actually the same, except that they are constructed in a different manner
and stress different aspects of default logic.

Epistemic semantics is based on two modalities and capture defaults by translating them
into modal logic sentences. The axioms the modalities satisfy may be those of any of the
major systems - S5, K45, KD45 or S4. Epistemic semantics is actually more general than
those discussed here since it also provides a semantics for auto-epistemic logic. It is pos-
sible to translate both Etherington’s and our semantics into epistemic semantics. We will
not go into the details here, noting only that both translations lead to a double S5, that
is, both modalities will satisfy the axioms of S5.

This paper is organized as follows. Section 2 reviews the definitions of default theory
and extension. Section 3 presents the concept of D-models, which play for default theo-
ries the same role models play for first-order theories. Section 4 presents the concept of




stable D-models and proves that they are the semantic counterpart of extensions. Section
5 discusses some examples of semantic reasoning. Finally, section 6 presents some addi-
tional interesting results.

2. DEFAULT THEORIES AND EXTENSIONS

Before introducing the formal concept of default theory, we recall the definition of closed
default.

Definition 1:
A closed default is any expression of the form
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where o, f,, ... B, u are sentences.

Note that « may be missing, which is equivalent to taking « as a tautology. Also note
that n is greater or equal to 1, which means that there must be at least one f..

Definition 2:

A closed default theory A is a pair (D,W), where D is a set of closed defaults and W is
a set of sentences.

An extension roughly corresponds to a consistent set of conclusions that can be derived
from the default theory. Each closed default theory may have one, several or in fact no
extensions.

Recall that, given a set X of sentences, Th(X) denotes the set of all logical consequences of
X.

Definition 3:
Let A=(D,W) be a closed default theory. For any set S of sentences, let I'(S) be the
smallest set satisfying the following three properties:

(i) WcI(S);
(i) Th(I'(S)) = I'(S);

(iii) If—g—:g%ﬁn— € Dand a € I'(S) and —f,,..., ~f,¢ S then p e I'(S).




A set E of sentences is a I'-extension for A if and only if I'(E) = E, that is E is a fixed
point of T".

It must be clear that I' is well-defined. For instance, given S, if X and Y are two sets
satisfying conditions (i)-(iii), then X n Y also satisfies such conditions. So we can talk
about the smallest set satisfying (i)-(iii). We leave it to the reader to complete the proof
that I' is well-defined. An alternative definition is:

Definition 4:
Let A=(D,W) be a closed default theory. For any set S of sentences, let ®(S) be the
smallest set satisfying the following three properties:

(i) W< ®(S);
(i) Th(P(S)) = P(S);

(iii) If—g—:—g%g"- e D and o € ®(S) and —f,, ..., =, ¢ Th(S) then u € D(S).

A set E of sentences is an ®-extension for A if and only if ®(E) = E, that is E is a
fixed point of @.

Again it must be clear to the reader that ® is well-defined. Note that I' and ® are not
the same operator.

Example 1:
LetW =0and D= {2} LetS = { -A A =B }. We have I'(S) = Th({A})
and ®(S) = Th(0).

Given a set S of sentences, the family of sets satisfying conditions (i)-(iii) in the definition
of ®-extension contains the family of sets satisfying conditions (i)-(iii) in the definition of
I"-extension. So, for all S, ®(S) < I'(S). But the relevant result is that I' and ® have the
same fixed points.

Theorem 1:
A set E of sentences is a fixed point for I' if and only if it is a fixed point for ®.

Proof. It is enough to note that, for any set S of sentences, if S = Th(S) then I'(S) =
®(S). But any fixed point E for I' or ® must satisfy E = Th(E). Hence, any fixed point
E for I or ® satisfies E = ['(E) = ®(E). =




From here on, we will use the word extension to mean I'-extension, or equivalently,
®-extension.

3. D-MODELS

There are two simple intuitive ideas behind the concept of D-model. The first idea is
that it is senseless to talk about a first-order sentence f being consistent with a model
since f is either true or false in the model. Hence, the notion of a “model” for default
logic must in some sense correspond to a set of first-order models. The second idea is
that it must be impossible to build a model that violates an inference rule of the calculus.

We first observe that, given a first-order language %, we cannot properly talk about the
set of all #-model. Such a “set” is actually a class. In some sense it is too big to be a set.

To avoid this problem, we will work from now on with the first-order elementary equiv-
alence class of ¥-models. Recall that two #-models are elementary equivalent if and
only if the same %-sentences are true in both of them. The first-order elementary equiv-
alence is an equivalence relation in the class of #-models and the quotient class is indeed
a set. Moreover, there is a bijection between this set and the set of all complete
Z-theories.

We use the word model to mean the first-order equivalence class of a first-order model.
When we want to refer to a first-order model we use the “full names” first-order model or
Z-model. Consequently, given a set W of #-sentences, Mod(W) is the set of the first-
order equivalence class of #-models for W. From the definition of first-order equiv-
alence we have that Mod(W) is exactly the quotient of the class of ¥-models for W by
the first-order equivalence.

From now on, we assume that all sentences and first-order models refer to a first-order
language & so that we will omit all explicit references to .Z.

Definition 5:
Let A= (D,W) be a closed default theory. A set M of models is a D-model for A if
and only if it satisfies the following two conditions:

(i) M < Mod(W);

(ii) For all _“_ﬁ%li e D,
if x |= o, for all x e M, and for all i, there is y; € M such that y; |= §,,
then x |= g, for all x e M.




Note that if M meets the pre-condition (the part above the bar) of a default in D it also
meets the consequent (the part under the bar). Hence, no D-model for A violates a
default in D.

Note also that a subset of a D-model for A need not itself be a D-model for this same A.
Example 2:

Let W = § and D = {a:ﬂ} . Clearly Mod(®) is a D-model and
Mod({e}) = Mod(§), but Mod({a}) is not a D-model.

Recall that, in first-order logic, the semantics of a theory is defined by the class of its
first-order models, not by a particular model. So it is quite natural that we now look at
the set of all D-models for a given A.

Definition 6:
Let A =(D,W) be a closed default theory. Then, we define:

ADW) = {M | M is a D-model for (D,W)} .

Note that A(D,W) is a set partially ordered by <. However, A(D,W) is not determined by
its maximal elements. This follows from the fact that a subset of a D-model for (D,W)
need not itself be a D-model for the same default theory.

Theorem 2:
Let Wy and W, be sets of sentences. Let Dy and D, be sets of closed default. If Wy <
W2 and D1 < D2 then A(DQ,WQ) < A(D1,W1).

Proof. It is trivial that every D-model for (D,,W,) is a D-model for (D{,W,). =

4. STABLE D-MODELS AND EXTENSIONS

This section relates D-models to extensions. We begin defining what is the support of a
D-model.

Definition 7:
Let A=(D,W) be a closed default theory and M be a D-model for A. The support of
M, denoted by sup(M), is defined by
sup(M) =

€D | x|=a, for all xeM, and for all i there is y;eM such that y, |= B, }.
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Actually sup(M) depends on D, so we should have written sup(D,M). We prefer to leave
the dependency on D implicit as long as it is clear which default theory (D,W) we are
referring to.

We now define the concept of stable D-model.

Definition 8:
Let A=(D,W) be a closed default theory. A D-model M for A is stable if and only if
M is maximal in A(sup(M),W).

Stable D-models are a special case of maximal D-models, as the next theorem shows.

Theorem 3: :
Let A=(D,W) be a closed default theory. All stable D-models for A are maximal in
A(D,W).

Proof. That is actually a corollary of Theorem 2. =

Our main result in this section is the relation between stable D-models and extensions.
We now establish a semantic version of the @ operator introduced in Definition 4. Note
that M, in the next definition, is any set of models, not necessarily a D-model.

Definition 9:
Let A=(D,W) be a closed default theory. For any set M of models, let Z(M) be the
largest set of models satisfying the following two properties:

(i) Z(M) = Mod(W);

(ii) For all MTI} e D,
if x |= a, for all x e (M), and for all i there is y; € M such that y, |= §,,
then x |= y, for all x € Z(M).

We can immediately prove the following lemma.
Lemma 1:
Let M be a set of models. Then, M is a fixed point for X if and only if there is an

extension E for A such that M = Mod(E).

In fact, X is exactly the semantic (in first-order sense) dual of .




Theorem 4:
Let A=(D,W) be a closed default theory and M be a set of models. M is a stable
D-model if and only if there is an extension E for A such that M = Mod(E).

Proof. By the previous lemma, it suffices to prove that M is a stable D-model if and only

if M = Z(M). We first prove that given a D-model M, we have (M) e A(sup(M),W).

Note that

0 By B
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for =~ e sup(M), condition (ii) of the definition of ¥ reduces to:

If x |= «, for all x € (M), then x |= y, for all x € Z(M).

So we have: :

If x |= o, for all x € (M), and for all i there is y; € Z(M) such that y; |= §,, then x |= g,
for all x e Z(M).

Therefore, we conclude that Z(M) e A(sup(M),W).

(=) Assume that M is a stable D-model. As M is a D-model, we have M < X(M) and
Z(M) € A(sup(M),W). But M is stable, that is, maximal in A(sup(M),W), so we have M
= X(M).

(<) Assume that M-= Z(M). We have to prove that M is a stable D-model. It is clear
that if M = X(M) then M is a D-model. Now let us prove that M is stable. Suppose
N € A(sup(M),W) and M < N. Since M < N, condition (ii) of Definition 5 becomes:

e 2t ﬁ‘;i"' ba o sup(M) and for all x € N, x |= o then for all x € N, x |= pu.

But, again because M < N we have that:

Wil ...p
If—ﬂ———

= € D and for all x € N, x |= o and for all i there is y, € M such that vi |I= B
then
____‘Xim;l--- o sup(M).
So we have:
IfﬂM € D and for all x € N, x |= a and for all i there is y; € M such that y, |=
then for all x € N, x |= p.

By the definition of X we have N < X(M). But M = N and M = Z(M), so we conclude
M = N. Therefore M is maximal in A(sup(M),W), that is, M is stable. =

The above theorem establishes the soundness and completeness of Reiter’s default logic
for our D-model semantics.




If A = (D,W) is a closed default theory with D = @, then A has only one extension,
Th(W). On the semantic side, any set of models for W is a D-model for A. Then there is
only one stable D-model, which is Mod(W). In this case, Mod(W) is also the only
maximal D-model. So, when D = @, Reiter’s default logic reduces to first-order calculus
and our D-model semantics reduces to the usual first-order semantics.

5. EXAMPLES

This section presents some examples which illustrate how to use the semantics previously
introduced for default theories.

Example 3: :
Let A = (D,W). Suppose W = fand D = {—:%-}. It should be clear that A has no
extensions. Let us prove it semantically.

Any set M of models is a D-model for A if and only if:
If there is y € M such thaty |= A then, forally e M, y |= —A.
This condition is obviously equivalent to:
Forally e M,y |= —A.
That is, M < Mod({—A}).
So it is clear that Mod({—A}) is the only maximal element in A(D,W), but it is not
stable. In fact, sup(Mod({—A})) = 0§ and Mod({—AY}) is not maximal in A(,W).
So by Theorem 3 and Theorem 4 we see that A has no extensions.

Example 4:
Let A = (D,W). Suppose W = {A} and D = {:—CA—}. Then, A has no extensions.
Let us prove it semantically.

Any set M of models is a D-model for A if and only if it satisfies:
(i) M = Mod({A})
(ii) If there is y € M such thaty |= C then for ally e M, y |= —A.

This condition is obviously equivalent to M < Mod({A,—C}).

So it is clear that Mod({A,—C}) is the only maximal element in A(D,W), but it is not
stable. In fact, sup(Mod({A,—C})) = @ and Mod({A,—C}) is not maximal in A(§,W).
So, by Theorem 3 and Theorem 4, we see that A has no extensions.







