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ABSTRACT

A new concept of extension in default logic, called C-extension, is first introduced. For
arbitrary default theories, C-extensions have the existence, minimality and semi-
monotonicity properties. Then, a default proof theory which is sound and complete with
respect to C-extensions is defined. Finally, given an arbitrary concept of extension, the
existence and semi-monotonicity properties are shown to be necessary conditions for the
definition of a sound and complete proof theory.

1. INTRIODUCTION AND MOTIVATION

Default logic (Reiter [1980]) provides an interesting approach to formalize nonmonotonic
reasoning. Informally, a default theory A consists of a set of sentences W and a set of
defaults D, where a default is an expression of the form (o:B4,...,.p/®), Wwhose meaning is
“if o holds and it is consistent to assume S4,...,5,, then infer ®”. The default theory A
. defines a set of first-order theories, its extensions, obtained from W by firing defaults in a
* consistent way. A sentence o is considered to be a consequence of A iff o is in one of the -
extensions of A.

However, the development of default logic presents a gap since Reiter describes a proof
theory only for normal default theories, that is, those theories that admit only defaults of
the form (o:@/®). The reason that the proof theory does not apply to arbitrary default
theories is intimately connected with his notion of extension.

The first contribution of this paper is to close this gap by defining a proof theory for
arbitrary default theories. The proof theory is shown to be sound and complete with
respect to C-extensions, an alternative to Reiter’s notion of extension.



~ Essentially, C-extensions allow defaults to be ignored, but no default is dispensed of
unless it is strictly necessary. C-extensions will satisfy a minimality property and a semi-
monotonicity property. Moreover, every default theory will have a C-extension. Finally,
the notion of C-extension will coincide with Reiter’s notion of extension for normal
default theories.

Etherington [1987] studies semi-normal default theories, that is, theories that admit only
defaults of the form (c:@AB/w). He establishes conditions under which a semi-normal
defauit theory has an extension (in Reiter’s sense) but he does not address proof theoretic
questions. Another notion of extension can be found in Lukaszewicz [1984].

Naturally, there remains the question of obtaining alternatives to the notion of
C-extension with similar properties. The second contribution of this paper is a partial
answer to this question. It provides necessary conditions that a notion of extension must
satisfy in order to permit defining a sound and complete pfoof theory for arbitrary
default theories. The results in this case are based on abstract definitions for the con-
cepts of extension and default proof that extend those introduced in Reiter [1980] and in
the first half of the paper.

The organization of the paper is as follows. Section 2 reviews the basic concepts and
results of Reiter’s default logic. Section 3 introduces the concept of C-extension and
section 4, a proof theory which is sound and complete with respect to this concept.
Section 5 considers the more abstract question of obtaining conditions on alternative defi-
nitions for the concept of extension that lead to adequate proof theories. Finally, section
6 contains the conclusions. |

2. A BRIEF REVIEW OF REITER’S DEFAULT LOGIC

In this section, we briefly review somr concepts of default logic, as defined in Reiter
[1980].

A default is an expression of the form (a:B,...,p,/®) where a, By,....B, and @ are all first-
order formulas. The formulas a and ® are called, respectively, the prerequisite and the
consequent of the default, whereas the formulas f4,...,p,, are called the justifications. A
default is closed iff «,By,....B, and ® are sentences, that is, first-order formulas with no
free variables. Otherwise, the default is open. A normal default is a default of the form
(/o).



A default theory is a pair A=(D,W), where D is a set of defaults and W is a set of first-
order sentences. A default theory is epen, closed or normal iff D is a set of open, closed
or normal defaults. As we will deal only with closed defaults we will omit the word
“closed” from now on (the reader should bear this in mind when reading the paper).

Given a set of defaults D, we define:

CONSEQ(D) ={ | Mep}
PREREQ(D)={a | Mem
JUSTIF(D)={B; | M eD and ie[1,m]}

For any set of sentences S and any formula ®, we use S} to indicate that @ is a
theorem of S (in some specific calculus for classic first-order logic). We also define Th(S)
as the set of first-order sentences ® such that S|o.

A default theory is associated with a set of first-order theories, its R-extensions (we prefer
to call R-extension the concept of extension introduced in Reiter [1980] to emphasize that
it is just one of the alternatives we will consider in this paper). The following theorem
provides a characterization of R-extensions.

Theorem 1:
Let £ be a set of sentences and let A=(D,W) be a default theory. Define:
Eg=W - |
and, for i=0:

Eir1=Th(E) U {0 % eD, where acE; and —By,..., ~Bn¢E}

Then, E is a R-extension for A iff £E= E,Ei'

We then say that a sentence B is a R-consequence of a default theory A iff there is a
R-extension F of A such that BeF.

Given a default theory A=(D,W) and a R-extension E of A, the set of generating defaults
for F with respect to A is defined as:

RGD(E,A)={ a—B—IQ-)—E’f- €D | agE and —fy,..., " B¢ E}



Unlike all other results in this section, the first property of R-Extensions we state is not
directly taken from Reiter [1980].
Theorem 2: (Strong minimality of R-extensions)
Let A=(D,W) and A’=(D’,W") be default theories such that D’€D and W'SW. For
any R-extension E for A and any R-extension E’ for A’ if ESE’ then E=FE’.

Proof

Let A=(D,W) and A’=(D’,W’) be two default theories such that D’€D and W'eW. Let
E be a R-extension for A and E' be a R-extension for A’ and suppose that ESE’. By
definition, E= _yoEi and E' = yOFi, where

(la) E0=W
(lb) F0£W’

and, for i =0:

(2a)  Eir1 — Th(E) U {w] 01_13120_,5”: eD where a€E;, —By,..., " BnéE}
a:B1,..., Bm :
(2b)  Fixq = Th(F) U {o| ——5——— €D’ where oeF;, =By " PEE}

Since E€FE’, we only have to prove that E’SE. This will be achieved by showing that
F,<E;, for all j=0. For j=0 we trivially have FoSE,, since W'SW by assumption. Let
i=0 and assume that F;SE;. We will prove that F;SE; ;. Let weF;.. If oeTh(F;),
" then weE;, since F,SE;, by assumption, and Th(E)EE;, . Otherwise, there is a default
" (@:Bqse-sB/®)eD’” such that aeF; and —Byq,...,~ B ¢E. As F,CE;, o is also in E;. Since .
D'eD and ECE’, (0:B4,-.,Bn/@)ED and —Byq,..,”By¢E. Then, by (2a), weE; 4. Thus
Fi+1<E; .- Hence E’=E0Fi = i§0Ei=E. ' :

|

Corollary 1: {Minimality of R-extensions)

Let A=(D,W) be a default theory. For any two R-extensions E and F for A, if ECF
then E=F. '

In addition, for normal default theories only, we also have:



Theorem 3: (Existence of R-extensions)

Every normal default theory has a R-extension.

Theorem 4: {Semi-Monotonicity of R-extensions)

Let A=(D,W) and A’=(D’,W") be two normal default theories such that D’eD and
W' =W. For any R-extension E’ for A’, there is a R-extension £ for A such that
E'cE.

Again only for normal default theories, Reiter [1980] introduces a proof theory which is
sound and complete with respect to R-extensions.
Definition 1:

Let A=(D,W) be a normal default theory and y be a sentence. A finite sequence
< Dy Dy > of finite subsets of D is a R-default proof of v from A iff:

P,. W U CONSEQ(Dg) | v
P,. For 1 i<k, W U CONSEQ(D;) } PREREQ(D; )
P3. Dk=0 : .

. k
P4. If W is consistent, then W U _yOCONSEQ(Di) must be consistent.

The proviso in P4 that W be consistent is just a technical convenience and it implies that
any finite sequence <Dy,...D> of finite subsets of D such that D ,=0 will be a
- R-default proof of any sentence o from A =(D,W), if W is inconsistent. It is not part of
- Reiter’s original definition and, as a consequence, his completeness result holds only for
normal default theories whose set of sentences is consistent.

The last result that we will highlight concerns the soundness and completeness of
R-default proofs.

Theorem 5: (Soundness and Completeness of R-Default Proofs)
Let A=(D,W) be a normal default theory. Then, A has a R-extension which con-

tains the sentence B iff there is a R-default proof of B from A.

The above results can be extended to open normal default theories. However, we empha-
size that, except for the minimality of R-extensions, they do not hold for arbitrary (closed
or open) default theories.



3. C-EXTENSIONS

In this section we introduce the concept of C-extension and prove its basic properties. To
motivate C-extensions, consider the following situation (the Barber’s Paradox):
“Beardland is a small city where the barber Noel shaves every citizen who does not shave

himself. Does Noel shave himself 77

To formalize the Barber’s Paradox, we may try to define a default theory A consisting of
an empty set of sentences and the set of all defaults of the form:

: —shaves(i, t)
shaves(Noel, t)

where t is any closed term of the language in question.

However, this formalization fails because A has no R-extensions since the default
D, =(:— shaves{Noel,Noel)/shaves(Noel,Noel)) is present in the theory. As a conse-
quence, we cannot prove that the barber Noel shaves Golias, even assuming that Golias
is a citizen of Beardland that does not shave himself. To conclude this, we would have to
disregard D4, something that the definition of R-extension does not allow. More pre-
cisely, suppose that Golias is a constant in our alphabet. Even though it is consistent to
assume —shaves(Golias,Golias), which would sanction the use of the default
D, =(: ~shaves(Golias,Golias)/shaves(Noel,Golias}), we cannot conclude that
shaves(Noel,Golias) is a R-consequence of A because A has no R-extensions.

.C-extensions provide a solution to this problem since they allow some defaults to be
. ignored. Hence, A will have a C-extension containing the fact shaves(Noel,Golias), gen-
erated using the default D,={:—shaves(Golias,Golias)/shaves(Noel Golias)), but
ignoring the default Dy =(: —~shaves{Noel,Noel)/shaves(Noel,Noel)).

However, the power of ignoring defaults may lead to a large number of extensions, if an
agent gives them up arbitrarily. In our approach, this problem is avoided because
C-extensions are defined as maximal sets, i.e., no default is dispensed of unless it is
strictly necessary.. Thus, C-extensions will satisfy a minimality property. Moreover,
every default theory will have a C-extension, since the defaults which would forbid a
default theory to have a C-extension may be ignored. Furthermore, every R-extension is
a C-extension and, in fact, the two concepts coincide for normal default theories. There-
fore, the differences between the two concepts appear only when we consider arbitrary
default theories.



To define C-extensions, we need the notion of E-sets:

Definition 2:

Let A=(D,W) be a default theory. A set E of first-order sentences is an E-sef for A
iff E= _9] E;, where:

E0= W
and for i20:

a:Bh"-r Bm
©

Ei.q= Th(E) U {o | eD where ogE;, —By,..., " B¢ E and ocE}

Note that this definition is quite similar to the statement of Theorem 1, except that we
require that wek in the definition of E; 4.

Let A=(D,W) be a default theory. The set of generating defaults for an E-set £ of A is
defined as:

o BIED".’ Bm eD I (},GE, __,B1,'.”—113m¢E and OJEE}

. EGD(E,A)={

We also introduce the following sets:
E(A)={E| E is an E-set of A}
E(A)={E | IAD’ED and E is a R-extension for (D’,W)}

. The theorem below relates E-sets and R-extensions (for a proof, see the appendix).

Theorem 6:

Let A be a default theory. Then E(A)=E(A).
We are now ready to introduce the notion of C-extension:

Definition 3:

Let A=(D,W) be a default theory. A C-extension for A is a maximal element in E(A)
with respect to the relation <.

The next theorems summarize the basic properties of C-extensions.



Theorem 7:

Let A=(D,W) be a default theory.

(a) If W is inconsistent, then Th(}¥) is the only C-extension of A.

(b) A always has at least one C-extension I( Existence of C-extensions).

(¢) For any two C-extensions E and F for 'A, if E€F then E=F (Minimality of
C-extensions)

Proof

Let A be a default theory.
(a) Immediate from Theorem 6.

(b) Note that €(A) #0, since Th{W¥)eE(A). Thus, by Zorn’s Lemma, there is a S-maximal
element in E(A). By Theorem 6, E(A) = E(A). Then, A has a C-extension.

(c) Let £ and F be two C-extensions for A. If ESF then E=F, since E and F are
c-maximal elements in E(A).
O
Theorem 8: (Strong minimality of C-extensions)
Let A=(D,W) and A’=(D’,W’) be two default theories such that D’'€D and WS W.
For any C-extension E for A and any C-extension E’ for A/, if ESFE’ then E=FE'.

_Proof

Let A=(D,W) and A =(D', W) be two default theories such that D’€D and W'SW.
Let E be a C-extension for A and £’ be a C-extension for A’ and suppose that ESE’. By
definition, £’ = _yo F; where:

(la) F0= w
and, for i =0:

—.131;.).., P eD’ where aeF;, —Bq,..., " P ¢E and weF’}

a
(1b)  Fiyq = Th(F) U {o]
Construct E; as:
(23.) EO =W

and, for i 20:



a:B1,..., Br
@

We first prove that E' = U F, € U E; by showing that F;EE;, for all j20. For j=0, we

trivially have FySE,. Let i>0 and assume that F,<E;. We will prove that F;,SE; ;4.

Let ©eF;, 1. If 0eTh(F;), then weE; ; since F;,SE;, by assumption, and Th(E;)<E;, ;. Oth-

erwise, there is a default (a:By,....B/@)eD’ such that aeF;, —PB4,...,7 B ¢E and weF'

As F,€E;, a is also in E;. By (2b), if (a:By,...,.Bn/®)eD, since D’CD a€eE;, 7By, " PméE

and weF’, then weE; . Thus F;,€E; ;4. Hence E'= U FI c UDE

(2b)  E .4 = Th(E) U {al eD where a€E;, —Byye.., " B¢ £’ and weE’}

We now prove that U E,cE’. For i=0, we trivially have E;€F’, since Eo=W and
WCeECSF, by assumptlon The induction step follows because, by definition (2b), for all
i>0, ESE. As E’C U E,SE’, we conclude that UU E,=F". By Definition 2, E is then an
E-set for A. Hence, E’EE(A) But, since E€SE’ and the C-extension E is a €-maximal
element in E(A), then E=F’. _

]
Note that item (¢) of Theorem 7 can also be obtained as a corollary of the above
theorem.

Theorem ' 9: (Semi-monotonicity of C-extensions)

Let A=(D,W) and A; =(D’, W) be two default theories such that D’'€D and W' =W.
For any C-extension E’ for A’, there is a C-extension E for A such that E'CE.

Proof

Let A=(D,W) and A’=(D’,IW) be two default theories such that D’'€D. Since D'SD, we
. have €(A)SE(A). Hence, by Theorem 6, E(A)SE(A). Let E’ be a C-extension of A’
Then, E'eE(A”) and, hence, E'eE(A). Therefore, there is EcE(A) such that E'SF and E
is €-maximal. Thus, there is a C-extension £ of A such that E'CE.

O
The next two results compare C-extensions and R-extensions.

Theorem 10:

Let A be a default theory. If E is a R-extension for A then E is a C-extension for A.



Proof

Let A be a default theory. By the strong minimality of R-extensions, Theorem 2, if £is a
R-extension for A then E is a &-maximal element in E(A). Since E(A) = E(A), by Theorem
6, E is also a ©-maximal element in F({A). Hence E is a C-extension for A.

O

The next theorem goes further and establishes that C-extensions and R-extensions are
equivalent for normal defauit theories.

Theorem 11:

Let A be a normal default theory. A set of sentences £ is a C-extension for A iff £ is
a R-extension for A.

Proof

Let A=(D,W) be a normal default theory. By Theorem 8, it suffices to prove that, if £
is a C-extension for A then E is a R-extension for A. Let E be a C-extension for A.
Then, E'is a ©-maximal element in E(A). Since E(A)=E(A), by Theorem 6, E is also in
€(A). DBy semi-monotonicity of-R-extensions, there is a R-extension ¥ or A such that
ECF. By definition of €(A), we have FeE(A). Since E is a &-maximal element in E(A),
we obtain £=F. Hence, E is a R-extension for A.

' ll

. 4. A PROOF THEORY FOR ARBITRARY DEFAULT THEORIES

In this section we introduce a proof theory for arbitrary default theories which is sound
and complete with respect to C-extensions '

10



| Definition 4:

Let A=(D,W} be a default theory. and v be a sentence. A finite sequence
< Dyy.ees Dy > of finite subsets of D is a C-defauit prOof of v from A iff:

P,. W U CONSEQ(Dy) } v
P,. For 1 <i<k, W U CONSEQ(D, |} PREREQ(D,,)
P3. Dk=®

k
Py If Wis consikstent, then W U _EJOCONSEQ(Di) U {B} must be consistent,
for each Be_yOJUSTIF(Di).

This definition deserves several brief comments. As for Definition 1, the proviso in P,
that W be consistent is just a technical convenience and it implies that any finite
sequence < Dy,...,D, > of finite subsets of D such that D, =0 will be a proof of any sen-
tence o from A=(D,W), if W is inconsistent. In fact, Definition 1 and Definition 4 will
coincide for normal default theories since, in this case, each default has its justification
identical to its consequent. Hence, our notion of default proof for arbitrary default theo-
ries extends Reiter’s notion for normal default theories. But, more importantly, the defi-
nition of C-default proof. is coherent with the definition of C-extension as shown by the
following two theorems (whose proofs are in the appendix).

Theorem 12: (Soundness of C-Default Proofs) .

Let A be a default theory and let ¥ be a sentence. If ¥ has a C-default proof from A,
then A has a C-extension E such that yeE. '

| Theorem 13: (Completeness of C-Default Proofs)

Let A be a default theory and v be a sentence. If A has a C-extension F such that
veE, then y has a C-default proof from A. '

Once such results have been established, it is straighforward to extend Reiter’s concept of
top down default proof, based on linear resolution or on another sound and complete
refutation proof procedure, to arbitrary default theories. Finally, we note that the proofs
of Theorem 12 and Theorem 13 follow a path different from the proofs of the equivalent
theorems for R-default proofs found in Reiter [1980]. In fact, if the reader scrutinizes
the proof of Theorem 13, he will perceive that it is in some sense a way of using the
first-order Compactness Theorem to obtain a completeness result for C-default proofs.

11



5. NECESSARY CONDITIONS FOR A PROOF THEORY

Given an arbitrary concept of extension, in this section we describe necessary conditions
for the existence of a proof theory which is sound and complete with respect to the given
notion of extension.

We will adopt the following notation:

&z a first-order language

S the set of all sentences of %

o the powerset of the set of all theories over .

D the set of all closed defaults over & _

D*  the set of all finite sequences of finite sets of closed defaults over ¥
A the empty sequence in D*

C a set of closed default theories over .&

Definition 5:

An extension operator for C is a function I':C— g, that is, a function that maps each
default theory in € into a set of theories over %. Given a default theory AeC, each
EeT'(A) is called a T"-extension for A.

Let (JI'(A) denote the union of all theories in I'(A).

Definition 6:

- Let I" be an extension operator for C. |

- (a) T satisfies the existence property iff, for all AeC, then I'(a)#9.

(b) I satisfies the strong existence property iff, for all (D,W)eC, Th(W)sUT' (D, W)).

() T is serﬁi-monotonic iff, for all (D,W)eC and (D', W)eC, if D'eD theh, for all
Eel’((D’, W), there is Ec'((D,W)) such that E'SE.

(d) T is weakly semi-monotonic iff, for all (D,W)eC and (D’,W)eC, if D'€D then
U@, w)sUr{o,wy).

Proposition 1:
Let I" be an extension operator for C.

(2) If I is semi-monotonic then I" is weakly semi-monotonic.

(b) if T satisfies the strong existence property then I" satisfies the existence property.

12



Proof
(a) Immediate from Definition 6.

(b) Suppose that I' satisfies the strong existence property. Let (D,W)eC. Then,
Th(W<sUI'((D,W)). Hence, [((D, W) #0, since Th(W)#0, because Th(W) is a theory
and hence contains all tautologies. Therefore, I" satisfies the existence property.

O

Definition 7:
A test function for C is a function ¢:C x D*-{0,1} such that ¢((0,W),A)=1, for all
(9, W)eC.

Definition 8:

Let ¢ be a test function in C, A a default theory in € and B a sentence in S. A
sequence <D,,...,.D > in D* is a @-default proof of B from A iff

k
S =0
P,. W U CONSEQ(Dy) } B;
P,. For 1 <i<k, W U CONSEQ(D)) } PREREQ(D,,);
P3. Dk=¢; . .
P4. (.p((.D,W), < DU"'Dk >) =1.

- The next definition introduces the concept of semi-locality, which requires that the test
funtion be independent of the set of defaults not used in a proof.

Definition 9:
A test function @ for C is semi-local iff, for all (D,W), (D’',W)eC, for all deD*, "
o((D, W), d) = (D", W),d). '

By Definition 7, the empty sequence is then a @-default proof of any sentence aeTh(W)
from A=(0,W) since @((@,¥),A)=1. Furthermore, if ¢ is semi-local, this observation
extends to any default theory A=(D,W).

13



Definition 10:
Let ¢ be a test function for C and let T be an extension operator for C.

(a) @ is correct with respect to I' iff, for all AeC and for all BeS, if there is a @-default
proof of B from A, then there is a I'-extension E of A such that peZ;

(b) ¢ is complete with respect to I' iff, for all AeC and for all BesS, if there is a
I-extension £ of A such that PeF, then there is a ¢-default proof of B from A.

The major result of this section (whose proof is in the appendix) states that the existence
and the weakly semi-monotonicity properties of an extension operator I" are necessary
conditions for the existence of a default proof theory which is semi-local, sound and com-
plete with respect to the extension operator I'. '

Theorem 14:

Let ¢ be a test function for C and let I" be an extension operator for C.

(a) If ¢ is semi-local and if ¢ is correct and complete with respect to I', then I' is weakly
semi-monotonic;

(b) If ¢ is semi-local and if ¢ is correct with respect to I', then I' satisfies tie strong
existence property.

We note that the above conditions are necessary, but not sufficient. For example, the
next example exhibits a semi-monotonic extension operator for which there is no complete
default proof theory.

Example 1:

Let C be the class of all arbitrary (closed)} default theories. Let I be an extension
operator-in C such that I' maps A into a set containing a single inconsistent theory,
for every A in C. Clearly, I is semi-monotonic and, hence, weakly semi-monotonic.
However, there is no test function ¢ which is complete with respect to I'. Indeed, let
A=(0,W) be a default theory in C where W is consistent. By assumption, false is in
the unique element of I'(A). However, we cannot prove false from A, since Py in
Definition 8 is not satisfied because W is consistent and Dy =0, as A has an empty set
of defaults.

We conclude by relating the concepts introduced in this section with those described in
sections 2, 3 and 4.

14



Consider first:

R the set of all closed normal default theories
r the extension operator for R induced by the notion of R-extension
p the test function for R induced by the test in P, of Definition 1

Then, by the results in section 2, r satisfies the existence property and is semi-monotonic,
p is semi-local, the concept of R-default proof becomes a special case of Definition 8 and
p is correct and complete with respect to r.

Consider now:

YA the set of all closed (arbitrary) default theories _
c the extension operator for Z induced by the notion of C-extension
¥ the test function for Z induced by the test in P4 of Definition 4

Then; by the results in section 3 and 4, ¢ satisfies the existence property and is semi-
monotonic, ¥ is semi-local, the concept of C-default proof becomes a special case of Defi-
nition 8 and ¥y is correct and complete with respect to c.

6. CONCLUSIONS

We first defined a new concept of extension, called C-extension, using the idea of
ignoring defaults when stfictly necessary. We proved that C-extensions have interesting
properties, such as existence, semi-monotonicity and minimality. We have also shown
that C-extensions are equivalent to R-extensions for normal default theories. We then
. introduced the notion of C-default proof and established that this notion is sound and
. complete with respect to C-extensions. Finally, given an arbitrary concept of extension,
we proved that the existence and weak semi-monotonicity properties are necessary condi-
tions for the definition of a sound and complete proof theory.

Finally, we observe that the notions of C-extension and C-default proof can be extended
to arbitrary open default proofs along the lines of section 7 of Reiter [1980].
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APPENDIX

Theorem 6:

Let A be a default theory. Then E(A)=E&(A).
Proof
Let A=(D,W) be a default theory. We will prove that E(A)=E(A).

We first show that E(A)SE(A). Let SeE(A) and let D’=EGD(S,A). If we prove that S'is
a R-extcension for (D7, W), then we may conclude that Se€(A).
By Definition 2 and since D' =EGD(S,A), we have that S= _iJooFi, where:

FO =W

~and, fori=0:

a:BI?"': Bm

5 eD’ where aeF;, —Bq,..., B¢ and weS}

Fi+1=Th(F) U {o]
Construct E; as follows:
Eo=W
and, for i 20:

a:BIs"'s Bm
@

Eirq1= Th(E) U {®| eD’ where aeE; and —By,..., B ,¢S}

We prove that F;=E; for all j20. For j=0, trivially Fy=E;. Let i20 and assume that
Fi =Ei' We will prove that Fi+1 =Ei+1'

16



Let weF;q. If 0eTh(F), then weE;,, since F;=E;, by assumption, and Th(E)<SE;, ;.
Otherwise, there is a default (a:By,....Bm/@)ED’ such that aeF;, —By,...,7 B¢S and @eS.
As F;=E, a is also in E. But, if (a:Bq,....Bm/®)eD’, ack; and —By,...,~ B¢S, then
weE;, 1. Hence, we may conclude that F;  {SE; 4.

Let weE;4+q. If weTh(E), then weF;., since F;=E;, by assumption, and Th(F)<F;;;-
Otherwise, there is a default (a:By,....B,/@)eD’ such that acE; and —B4,...,~ B, ¢S. Since
F,=E;, a is also in F; and, since D’=EGD(S,A), weS. But, if (a:fy,....p/@)eD’, acF,
—Bisees 7 B#S and weS, then weF;, 1. Hence, we may conclude that E; . (<F; .

Thus, we obtain that F;=E;, for all j=0. Then, U F,= UE S. By Theorem 1, S'is a
R-extension for (D', W¥). Hence SeE(A). Therefore we may conclude that E(A)SE(A).

We now show that E(A)SE(A). Let Se€(A). Then, S is a R-extension for A’=(D’, W),
for some D'eD.
By Theorem 1, S$= _i}ooEi, where:

EO = W

and, fori=0:

Ei+1= Th(E) VU {o| %_ED' where a€E; and —Bq,..., = B ¢S}
Construct F; as follows: |
FO =W
Cand, foriz=0:
Fieq= Th(F) U {o] M eD where aeF;, = By,..., ~ Bé#S and weS}

We will prove that S=F, where F= iljl F;.

We first prove that SSF by showing that E;<F;, for all j=0. For j=0, we trivially have
Eo=Fp. Let i=20 and assume that E;cF;. We will prove that E;,.(€F,;,. 1. Let ek, 4. If
®eTh(E;), then weF; . since E;&F;, by assumption, and Th(F;)€F; .. Otherwise, there i3
a default (a:By,....0m/®)ED’ such that aeE; and —By,..., " B#S. As E;EF;, o is also in F;.
Since weE;,4 and E; (€S, we have weS. But, if (a:py,...p/0)eD’, D’'ED, veF;,
=By 7 B #S and weS, then weF,;, 4. Thus, E;.,SF;, . Hence, we may conclude that
E;SF;, for all j 20, which implies that SSF.
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We now prove that FSS, by showing that FjSS, for all j=z 0. For j=0, we trivially have
Fo=Eg&S. Let i20 and assume that F,&S. We will prove that F;,.{&S. First observe
that, since by assumption F;&S and since Th(S)SS, because S is a R-extension, it follows
that Th(F)STh(S)=S. Let weF;, . If ®eTh(F;), then weS. Otherwise, there is a default
(@:B1seeesBr/@)ED such that aeF;, —By,..., " Bmé#S and ®eS. Therefore, in both cases,
weS. Then, F;,{&S. Hence, we may conclude that FiESs, for all j= 0, which implies
that FcS. )

Thus, we obtain S=F= iLcJ; F;. Therefore, by Definition 2, Se£(A). Hence, we may con-
clude that E(A)SE(A).

M
Theorem 12: (Soundness of C-Default Proofs)

Let A be a default theory and let ¥ be a sentence. If v has a C-default proof from A,
then A has a C-extension £’ such that yeF£’.

Proof
Let A=(D,W) be a default theory and let y be a sentence.

Suppose that W is inconsistent. Then, the result follows because Th(W) is the only
C-extension of A, by Theorem 7(a). Hence, yeTh(W) trivially, because Th(W) is an
inconsistent theory. '

Suppose now that W is consistent and that y has a C-default proof <D,,...,D,> from A.
- We will prove that y belongs to a C-extension for A.

Define a set’E as:

(1) E=Th(W U i§OCONSEQ(Di))
Note that yeE, by P4 of Definition 4.
Construct E; as:

(2a) Eo=W

and, for i =0:

(2b) E 4 = Th(E) U {0 LBI;"’—B’G D where aeE;, —Bq,..., "B ¢F and 0eE}
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If we prove that E= :Lj;Ei, we may conclude that £ is an E-set for A. Then, there is a
C-extension E’ for A such that ESE’. Since yeE, we obtain yeE’ and the result holds.

We can easily show, by induction, that E,<E, for all i 20, Then, C_CJ; E.SE.

To prove that ES!_EJ: E;, we first show that, for all re[0,k]:

(3) WU I_=l:J_rCONSEQ(Di) C E,

Indeed, for r=0, (3) holds because W=E, and D,=9. Let s€[0,k) and assume that (3)
holds for r=s. We show that (3) holds for r=s+1.

Since by assumption (3) holds for r=s, we just have to prove that CONSEQ(D\ .1} &
Exs+2. By Py of Definition 4:

(4) W U CONSEQ(D,.) | PREREQ(Dy.s.1)

Then, again since (3) holds for r=s, by (4) we have:

(5) Eas | PREREQ(Dys4)

Hence, by (2b). that is by definition of Epg 4, (5) implies that:

(6) PREREQ(Dys1)SEgs+ 1

Now, since by assumption. W is consisfnent, by P, of Definition 4, we have:

7 WU igocoms EQ(D) U {B} is consistent, for all BeJUSTIF(D, . ,)

Hence, by (1) and (7), we have:

“(8) —PB¢E, for all BeJUSTIF(D, , 1)

Furthermore, by (1), we aIS.o have:

(9) CONSEQ(D,.,)SE

Therefore, by (6), (8), (9) and (2b), that is, by definition of E,.,, we have:

(10) CONSEQ(Dy.c.1) S Eogsoo-

Thus, we have just established that (3) holds for r=s+1. Therefore, (3) holds for all
re[0,k]. In particular, (3) holds for r=k: '

k
(1) W U UCONSEQ(D) & Ey
Hence, by (11) and definition of E2,;+1, we have:
k =)
(12) E =Th(W U _yOCONSEQ(Di)) € Bk € UE
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as was to be shown.

Theorem 13: (Completeness of C-Default Proofs)
Let A be a default theory and ¥ be a sentence. If A has a C-extension E such that
YeE, then vy has a C-default proof from A.

Proof

Let A=(D,¥) be a default theory and let vy be a sentence.

Suppose that W is inconsistent. Then, the empty sequence k is a C-default proof of y
from A, by Definition 4.

Suppose now that W is consistent and that A has a C-extension E such that yeE. We
will prove that there is a C-default proof of y from A.

By definition, £E= .o_ljUEi, where:
(1a) Eg=W
and, for i=0:

(Ib) E;.q1 = Th(E) U {col—g:Blz;J;Bm eD where a€E;, —By,..., ~ B¢ E and weF}

Construct D; as:
(2a) Do=9
and, for i =0:

a:B1,eee, P
— eD | aeg;, —Bq,-.., " B¢ F and weE}

(2b) Diyq =
Clearly, D;=D;, 4, for alli=0. We prove by induction that, for all j 2 0:
(3) Th(E) = Th(W# UCONSEQ(D))

For j=0 we trivially have Th(Ey)=Th{W). Let i=20 and assume that
Th(E;) = Th(W# U CONSEQ(D;)). By (1b) and (2b):

(4) Ejyq=Th(E;) UCONSEQ(D; )

Then, by (4) and the induction hypothesis:
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(5) Th(E;;1)=Th(Th(’¥ U CONSEQ(D})) U CONSEQ(D;, 1))
Since D;=D; .4, we then have: -
(6) Th(E;+{) = Th(WUCONSEQ(D;,,))
Hence, we may conclude that (3) holds for all j=0.
Since yeE, there is r20 such that yeE,. Then, yeTh(E,). Define, for all i€[0,r], 5 =D .
We now show that <D,...,D > satisfies Py, P,, Py and P, of Definition 4.
To obtain Py, observe that, since yeTh(E,) and using (3), we have:
(7) WUCONSEQ(D,) |v
Then, since D, r==5 0, We have:
(8) W UCONSEQ(D o) }v
As for P,, for all i€[1,r], using the definition of 5 i» the definition of E.; and (3), we have:
(9) PREREQ(D.,) = PREREQ(D, ) € E,; € Th(E,)) =
— Th(W U CONSEQ(D,.)) = Th(# U CONSEQ(D ).
Then, for all ie[l,r]:
(10) W UCONSEQ(D;) } PREREQ(D 1)
Now, P follows trivially because D .= Dy = 0.
“Finally, we proceed as follows to obtain P,. 'By (3) and the fact that D ;©D;,.,, for all
“i20, we have:
(11) Th(E,) = Th(W U CONSEQ(D)) =
Th(W U iQDCONSEQ(ﬁi)) = Th(W U iQUCONSEQ(S )
Now, by (2b) and since Si =D, for all ig[1,r], we have:
(12) —B¢E, for all BeiiJOJUSTIF(B )
Since Th(E)SE, by (11) and (12), we obtain:
13) W U iQUCONSEQ(B 3 U {B} is consistent, for all BefQOJUSTIF(B )

Therefore, since we assumed that W is consistent, P, follows from (13).
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- However, <D 0,...,5 > is not necessarily a sequence of finite subsets of D. Thus, we
show that we can inductively construct a sequence <D,...,D.> of finite subsets of D
such that, for all i€[0,r], D;€D; and the sequence < D,,...,D,> satisfies Py, P,, P; and P,
of Definition 4.

Since (8) holds, the Compacity Theorem for first-order logic (see Enderton [1972])
assures the existence of a finite subset D, of D , such that:
(14) W U CONSEQ(Dy) |

Let se[0,r) and assume that we have constructed < D,...,D> satlsfymg P, and P,, such
that D;eD,, for all i€[0,s]. By (10), since s <r, we have:

(15) w u CONSEQ(DS+1) kPREREQ(D o)
Hence, since DSSS s We have:
(16) W U CONSEQ(D ., ,) | PREREQ(D,).

As Dy is finite, PREREQ(D,) is actually equivalent to a first-order sentence. Then, we
can apply the Compacity Theorem again and obtain D;, (€D .4 such that:

(17) W U CONSEQ(D., ) } PREREQ(Dy).

Thus, we constructed a sequence <Dy,...,D.> of finite subsets of D which satisfies P,
and P, and is such that D;=D;, for all i[0,r]. As the sequence <D ,...,D > satisfies P,
and P, and since D;SD;, for all ig[0,r], the sequence < Dy,....D,> also satisfies P and
Py.

- Hence, < DO,...A,D,. > is a C-default proof of y with respect to A.

Theorem 14-
Let ¢ be a test function for C and let I" be an extension operator for C.

(a) If ¢ is semi-local and if ¢ is correct and complete with respect to I'', then I' is weakly
semi-monotonic;

(b) If @ is semi-local and if ¢ is correct with respect to I, then I' satisfies the strong
existence property.
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Proof

Let € be a class of default theories, ¢ be a function test for € and I' be an extension
operator for C.

Part (a): Assume that ¢ is semi-local and that ¢ is correct and complete with respect to
I'. Let A=(D,W) and A’=(D",¥) be default theories in C and assume that D’eD. Let
E’el'(A”) and let BeE’. We will prove that there is £€l’(A) such that fekF.

Since ¢ is complete with respect to I', there is a @-default proof d of p from A’. We
prove that d is also a ¢-default proof of B from A. Indeed, consider the conditions of
Definition 8. Then, Py holds since D’SD implies that U D;eD’sD. Now, Py, P, and Py
trivially hold because 4 is a ¢-default proof of from A’ Finally, to prove P,, first
observe that @((D',W),d)=1 because d is a ¢-default proof of p from A’. Now, since ¢ is

semi-local by assumption, ¢((D,W),d)=e(D’',W),d)=1.

Recall now that ¢ is correct with respect to I', by assumption. Thus, there is EcI'(A)
such that BeF, since we just proved that there is a @-default proof of f§ from A.

Hence, we may conclude that, for all (D,W)eC and all (D,W)eC, if D’SD then
Ur{o’,wH<sJr{p,w)). That is, I" is weakly semi-monotonic.

Part (b): Assume that ¢ is semi-local and that ¢ is correct with respect to I'. Let
A=(D,W) be a default theory in C. Let BeTh(W). We will prove that there is EcI'(A)
such that feE.

. We first prove that the empty sequence A is a @-default proof of B from A. Indeed, A
trivially satisfy conditions Py, P, and P5 of Definition 8. Since W}, condition P, also
holds. To prove that A satisfies P,, first observe that, by Definition 7, we have
(B, W),\)=1. Now, since ¢ is semi-local by assumption, @((D,#),A) =¢((0,),»)=1.
Thus, i is a @-default proof of B from A.

But ¢ is correct with respect to I". Hence, there is £el'(A) such that BeE.
Therefore, we conclude that, for all (D,W)eC, we have Th(W<|I'((D,W)). Hence, I

satisfies the strong existence property.
O
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